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1. Introduction
A translation plane can be viewed as a projective plane with a special line,
which is a line admitting all possible elations having the line as a common axis.
The following is an algebraic description due to André (1954).
A finite translation plane is a vector space of dimension 2d over a field of q
elements, equipped with a spread. This is a set of qd+1, d-dimensional subspaces
such that each non-zero vector lies in exactly one of these subspaces. Each one
of these subspaces is called a fiber, which is a line incident with the zero vector.
(We use the term fiber instead of component because of the term component has
special meaning in the finite group theory.)
Permutation group theory is the natural tool in the study of collineation
groups of a finite projective plane. In the study of collineation groups of a finite
translation plane, we can apply representation theory to the action of the group on
the affine points, and permutation group theory to the action of the group on the
points on the line of infinity.
The collineation group of a translation plane is a semi-direct product of the
translation group and the translation complement. The translation group is a
normal elementary subgroup of order q2d . The translation complement is a semi-
linear transformation group. This shows that in order to understand a collineation
E-mail address: cyh@math.ufl.edu.
1 Partially supported by a NSA grant.
0021-8693/02/$ – see front matter  2002 Elsevier Science (USA). All rights reserved.
PII: S0021-8693(02)0 05 25 -2
374 C.Y. Ho / Journal of Algebra 257 (2002) 373–392
group, one has to study the translation complement. The subgroup of all linear
transformations in the translation complement is called the linear complement.
Note that all perfect subgroups of the translation complement are in the linear
complement.
In the study of collineations of finite translation planes, two types of
collineations: affine perspectivities (the set of fixed points is a fiber of the
spread) and Baer elements (the set of fixed points is a subplane which is also
a d-dimensional subspace) attract most attention. These collineations have one
common feature, namely, the dimension of the set of fixed points of any of these
collineations is half the dimension of the underlying vector space. This leads to
the following project in the study of linear groups: classify all finite groups of
linear transformations of a vector space such that the dimension of the set of
fixed points of a non-identity element is a constant. In this article, we prove the
following Theorem A under a weaker condition.
(We use the following notation. For a finite groupG, m2(G) denotes the 2-rank
of G, i.e., 2m2(G) is the largest order of an elementary abelian 2-subgroup of G;
O(G) denotes the normal subgroup of maximal odd order; and CG(i) denotes the
centralizer of i in G. The two-dimensional projective linear group over a field of s
elements is denoted by L2(s); the dihedral group of order 2s is denoted by D2s ;
the cyclic group of order s is denoted by Cs .)
Theorem A. Let V be a finite dimensional vector space over a finite field F of
characteristic p and G GL(V ). Assume |G| is even and for each involution i
in G and each 1 = x ∈ CG(i), dim(CV (x)) = dim(CV (i)). Then one of the
following holds:
(1) G is the split extension of an elementary abelian 2-group N by a group X of
odd order semiregular on N . F(X) and X/F(X) are cyclic.
(2) G∼= L2(2a) for some a  2.
(3) p is odd and G is a dihedral group.
(4) G=O(G)〈t〉, where t is an involution inverting the abelian group O(G).
(5) m2(G) = 1, p is odd, and G is a Frobenius group with Frobenius kernel
Op(G) and Frobenius complement CG(i), where i is an involution.
(6) p is odd and G is semiregular on [V, i] for i the unique involution in G.
(7) G ∼= L2(t) or PGL2(t), t is a power of the odd prime p, V = CV (G) ⊕
[V,G], and if F is a splitting field for G then each noncentral chief factor
for G on V is of dimension 3.
(8) p is odd, G ∼= L2(7), V = CV (G) ⊕ [V,G], and [V,G] is the sum of 3-
dimensional irreducibles for G.
Some remarks of Theorem A are in order. In the case in which m2(G)  3,
we prove that the centralizer of any involution of G is a 2-subgroup. In an earlier
version of the paper we use this fact to apply the famous results of Suzuki on
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(CIT)-groups. It is interesting to note the following from Suzuki [18, p. 1612]:
“We just mentioned that an idea of Thompson [3,7] is used with great advantage
and the theory of characters is needed together with an idea similar to the one in
ref. [5].” (The references 3, 5, 7 here are respectively 8, 17, 21 in our references.)
Note also that Suzuki proves that the incidence structure created is a projective
plane of order 4 at the end of the proof of Theorem 4 of [17, Lemma 15 p. 467].
The structure of CG(i) in (5) and (6) can be found, for example, in [16, p. 198]
for CG(i) solvable, and [16, p. 204] for CG(i) nonsolvable.
Theorem A seems to hold when we allow char(F ) to be zero. A consequence
of Theorem A is the following result on non-Abelian simple collineation groups.
Theorem B. If G is a non-Abelian simple collineation group in the translation
complement of a finite translation plane V of order n such that each non-
involutory element in the centralizer of any involution is a perspectivity or a Baer
element, then one of the following holds.
(1) G∼= L2(2a) with a  2.
(2) G ∼= L2(7) with n = m4 prime to 2, 3, 7, m ≡ 1 mod4, and m3 ≡ 1 mod7.
Further CV (G) is a subplane of order m, elements of order 2 or 3 in G
are Baer elements, and V = CV (G)⊕ [V,G], where [V,G] is a sum of 3-
dimensional irreducible modules.
The following is an application of Theorem A to the collineation groups of a
translation plane.
Theorem C. Let G be a collineation group in the linear complement of a finite
translation plane, which is identified with a vector space V over a field F with a
spread. Suppose each non-identity element in the centralizer of any involution i is
an affine perspectivity or a Baer element if i is not the central homology, otherwise
the zero vector is the only fixed point. Then one of the conclusions except (7) of
Theorem A holds.
Remark. Note that in a Hall plane of order q2. There is a collineation group of
order q(q − 1) which fixes the points of a Baer subplane.
For a translation plane V of odd order n, let G be a collineation group in the
linear complement. An eigenspace of an element in G is either contained in a
fiber or is a subplane. (See 4.1 below.) If V is the sum of two eigenspaces of
an element in G, then these two subspaces are either fibers or subplanes share a
common set of fibers. (See 4.2 below.) If G is an elementary abelian 2-group of
order 4 such that all involutions are Baer, then n=m4. (See 5.1 below.) If G∼=A4
(respectively, S4), then all involutions (respectively, all nontrivial elements) are
Baer, and the module structure is determined. (See 5.2 below.)
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2. Notations and preliminary results
Other notation and terminology in group theory is taken from [3,13,19], and
in the theory of translation planes, from [2,14]. All objects considered here are
of finite cardinalities. We use the term a quaternion group to mean a quaternion
group of order 8 or a generalized quaternion.
For a set of non-singular linear transformations X on a vector space W , we
write W(X) for CW(X).
We assume the following hypothesis in this section.
Hypothesis Hy1. Let V be a finite dimensional vector space over a finite field F
of characteristic p and G GL(V ). Let Γ be the set of subgroups H of G such
that dimV (h)= δ = δ(H) is a constant for all h ∈H #.
Remarks. (1) The special case in which G ∈ Γ merits some comments. If G is
a non-Abelian simple group, then δ = 0 as otherwise an involution of G will
be represented by −I on V , destroying the simplicity of G. (The existence
of an involution is by the celebrated Feit–Thompson Theorem [9].) As G = 1,
δ = dimV . Thus the simplicity of G implies 0 < δ < dimV .
The case δ = 0 has been study by Burnside, Frobenius and Zassenhaus. In this
case G is a Frobenius complement. (See [16].)
(2) For a collineation of a translation plane of order p = char(F ), the condition
that the set of fixed points has half the dimension of the underlying space
implies that this element acts quadratically on the space. (See, for example, [10].)
However, a moment of though shows that this needs not be so in general.
In this section we prove some properties of a subgroup H ∈ Γ . Results in 2.7
and 2.8 below determine the structure of a Sylow 2-subgroup. The following first
result is obvious.
2.1. Each subgroup of H is in Γ .
2.2. If H = 〈X〉 and W  V with V (x)=W for all x ∈X, then V (h)=W for all
h ∈H #.
Proof. As H = 〈X〉 and V (x)=W for each x ∈X, V (H)=W . Let h ∈H # and
x ∈X; as H ∈ Γ , dimV (h)= δ = dimV (x)= dimW . So W = V (h). ✷
2.3. For each x ∈H and 1 = y ∈ 〈x〉, V (x)= V (y).
Proof. This follows from 2.1 and 2.2. ✷
2.4. If x, y ∈H with (|x|, |y|)= 1 and [x, y] = 1, then V (x)= V (y).
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Proof. The hypotheses imply 〈x, y〉 = 〈xy〉. So the lemma follows from 2.1 and
2.3. ✷
2.5. If 1 = x is a p-element in H , then CH(x) is a p-group.
Proof. If not, x centralizes a nontrivial p′-element y of H . By 2.4, V (x)= V (y).
But as y is a nontrivial p′-element, V = V (y) ⊕ [V,y] with [V,y] = 0. As
[x, y] = 1, x acts on [V,y]. This implies C[V,y](x) = 0, contradicting V (x) =
V (y). ✷
2.6. If p is odd and x and y are commuting involutions in H with V (x)= V (y),
then x = y .
Proof. As p is odd, V = V (x)⊕ [V,x]. Since [x, y] = 1, y acts on [V,x]. So as
V (y)= V (x), [V,x] = [V,y]. Therefore x = y . ✷
2.7. If p = 2 and H is a 2-group, then H is elementary abelian.
Proof. If not, there is an element h ∈ H of order 4. By 2.3, V (h) = V (h2). On
0 = V/V (h), the element h fixes a nontrivial vector. Let v ∈ V \ V (h) with vh ∈
V (h)+ v. Then vh= v + c with c ∈ V (h). So vh2 = (v + c)h= v + c+ c = v,
contradicting V (h)= V (h2). ✷
2.8. If p is odd and H is a 2-group, then H is elementary abelian, cyclic,
quaternion or dihedral.
Proof. Let U = {u ∈ H : u2 = 1}. Let Y be the set of y ∈ H # such that
Φ(CH (y)) = 1. Set X = H # \ Y , and K = 〈X〉. We may assume Φ(H) = 1.
So U is not empty. Note that Z(H)⊆X ⊆K , and H \K ⊆ Y . Also K is normal
in H .
Let h ∈ H be of order 2n > 2 and i an involution in CH (h). Then hi is of
order 2n with (hi)2n−1 = h2n−1 . So V (h)= V (h2n−1)= V (hi) by 2.3. Then by 2.1
and 2.2, V (i)= V (h).
Applying this to an involution z ∈ Z(H) and any element u in U , we obtain
that V (z) = V (u) for each u ∈ U . Let x ∈ X. If |x| > 2, then x ∈ U and
V (x)= V (z). If |x| = 2, then x centralizes some u in U by the definition of X.
This implies V (x)= V (u)= V (z) by applying the argument in the last paragraph
to u and x in the roles of h and i . Hence V (x) = V (z) for all x ∈ X. Thus
V (k)= V (z) for each k ∈K# by 2.1 and 2.2. Therefore z is the unique involution
in K by 2.6. So K is either a cyclic group or a quaternion group. In particular,
there is a cyclic subgroup L of K of order 4 normal in H .
Let y ∈ Y . As z is the unique involution in K andΦ(CH (y))= 1, 〈z〉 = CK(y).
In particular, y inverts L. As this holds for each y ∈ H \ K , it follows that
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|H :K| 2. The lemma holds if H =K . So we may assume there is y ∈H \K .
Then as CK(y)= 〈z〉 and |H :K| = 2, CH (y)∼=E4. Thus by a lemma of Suzuki
(cf. Exercise 8.6, p. 116 of [1]) H is dihedral or semidihedral. However, in the
later case, H =K . So the former holds. ✷
3. Proof of Theorem A
In this section we prove Theorem A. The case in which m2(G) = 1, and p
is odd will be treated in 3.5 and 3.10. The next lemma treats the case in which
p = 2. Note that 3.1, 3.2, 3.5, and 3.11 determine the groupal structure of G.
3.1. Assume Hy1. If p = 2 and CG(i) ∈ Γ for each involution i in G, then one of
the following holds:
(1) G is of odd order.
(2) G is the extension of an elementary abelian 2-group N by a group X of odd
order acting semiregularly on N with F(X) and X/F(X) cyclic.
(3) G∼= L2(2a) for some a > 1.
(4) G=O(G)〈t〉, where t is an involution inverting the abelian group O(G).
Proof. Let N ∈ Syl2(G). Then N  CG(z) for any involution z in Z(N). As
CG(z) ∈ Γ , we see that N is elementary abelian and N = CG(z) by 2.5, and
2.7. Then as N is abelian, N = CG(t) for each t ∈ N#. Thus if |N |> 2, then by
Exercise 16.6, p. 266 in [1], either N G or 3.1(3) holds. Further in the former
case, G=NX, where X is a Hall 2 ′-subgroup of G and X is semiregular on N .
As X is semiregular on N , each Sylow subgroup of X is cyclic. So F(X) and
X/F(X) are cyclic. Hence 3.1(2) holds.
If N = 1, then 3.1(1) holds. So we may take N = 〈t〉 to be of order 2. Then
G = O(G)N by Thompson transfer. As N = CG(t), t inverts O(G). The proof
of the lemma is complete. ✷
Because of 3.1, we may assume from now on that in addition to hypothe-
sis Hy1, p is odd. For the next several lemmas we study a subgroup H ∈ Γ such
that Z(H) has an involution i .
3.2. H is a p′-group. If j is an involution in H but not in 〈i〉 then either
(1) CH(j) is an elementary abelian Sylow 2-subgroup of H or
(2) CH(j)= 〈i, j 〉 ∼=E4 and H has dihedral Sylow 2-subgroups.
Proof. The fact that H is a p′-group follows from 2.5 as p is odd and i ∈ Z(H).
If x is a nontrivial element of odd order in CH(j), then V (i)= V (x)= V (j) by
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2.4. So i = j by 2.6, a contradiction. Thus CH(j) is a 2-group. Let CH(j) T ∈
Syl2(H). If Φ(T )= 1, then 3.2(1) holds. So we may assume otherwise. Then T
is dihedral by 2.1 and 2.8. So 3.2(2) holds. ✷
As p is odd, the following result is clear.
3.3. V = V (i)⊕ [V, i].
3.4. Let L = 〈i〉O2(H). Then V (i)= V (l) for each l ∈ L#. So L is a Frobenius
complement semiregular on [V, i]. In particular i is the unique involution of L.
Proof. By 2.4, V (i) = V (h) for each nontrivial element h of odd order in H .
Thus V (i)= V (l) for each l ∈L# by 2.1 and 2.2. So the lemma follows. ✷
3.5. If m2(H) = 1, then V (i) = V (h) for each h ∈ H #. So H is a Frobenius
complement semiregular on [V, i].
Proof. Let h ∈ H #. If |h| is odd, then V (h) = V (i) by 2.4. If h is a 2-element,
then i ∈ 〈h〉 as m2(H)= 1 and i ∈ Z(H). So V (h) = V (i) by 2.3. Thus V (i)=
V (h) for all h ∈H # by 2.2, and the lemma holds. ✷
3.6. If m2(H) > 2, then H is an elementary abelian 2-group.
Proof. Let T ∈ Syl2(H). By 2.8, Φ(T ) = 1 as m2(T ) > 2. By 3.2, T = CH (t)
for each t ∈ T #. Let L= 〈i〉O2(H). By 3.4, i is the unique involution in L. So as
Φ(T )= 1, T ∩L= 〈i〉. Hence L=O(H)〈i〉 by Thompson transfer.
Let E be a 4-group in T with i /∈ E. Then O(H)= 〈CO(H)(e): e ∈ E#〉. So
O(H)= 1 by 3.2. Thus O2(H)=O(H)= 1 and the lemma holds. ✷
3.7. If m2(H)= 2, then H is a dihedral group.
Proof. Let T ∈ Syl2(H). As m2(H) = 2, T is dihedral by 2.1 and 2.8. Let
L= 〈i〉O2(H). By 3.4,m2(L)= 1. Since T has no quaternion subgroup, T ∩L is
cyclic. HenceL=O(H)〈i〉. By 3.2, each involution j ∈H \〈i〉 invertsO(H). So
O(H) is abelian and centralizes the cyclic subgroup S of T of index 2 containing
〈i〉. Now by 3.4, O(H) is cyclic. So O(H)S is cyclic of index 2 in H and inverted
by j . So the lemma holds. ✷
3.8. If some nontrivial subgroup of H of odd order is normal in G, then i ∈ Z(G).
Proof. Let 1 = K  G with K  H of odd order. By 3.2, K is a p′-group.
So V = V (K) ⊕ [V,K]. As K  G, G acts on V (K) and [V,K]. As K is
380 C.Y. Ho / Journal of Algebra 257 (2002) 373–392
of odd order and centralizes i , V (K) = V (i) and [V,K] = [V, i] by 2.4. Thus
i ∈Z(G). ✷
3.9. Assume H = CG(i), m2(G) = 1, and X = [X, i] is a nontrivial normal
elementary abelian r-group of G for some prime r = p. Then H = 〈i〉 ×O(H)
and O(H)= CH (X).
Proof. Replacing G by HX and appealing to 2.1, we may assume G=HX. As
m2(H)= 1, V (i)= V (h) for each h ∈H # by 3.5.
Let U = [V,X]. Suppose first that |X| = r and let Z be the set of





and H permutes Z . As i inverts X, i acts on each Z ∈ Z , and dimU(Z) =
2 dimU(Z〈i〉). Thus 0 = U(Z) ∩ V (i)= U(Z) ∩ V (H). So H acts on Z. Thus
replacing G by HZ and inducting on the order of G, H = 〈i〉 × CH (Z). So as
m2(G)= 1, CH (Z)=O(H). As this holds for each Z ∈ Z , the lemma holds in
this case.
Therefore we may assume |X| = r . Let K be a splitting field for G over F and
VK =K ⊗F V . Then dim(CVK (g))= dimCV (g) for each g ∈G. So G satisfies





where Λ is the set of nontrivial eigenvalues of a generator x of X on V , and Vλ is
the eigenspace of λ. Now xi = x−1. So (Vλ)i = Vλ−1 . Let
Θ = {{λ,λ−1}: λ ∈Λ},
and for θ ∈Θ , let






and H permutes Θ with 0 = V (i) ∩Wθ = V (H) ∩Wθ . So H acts on Wθ . But
then |H | = 2, completing the proof. ✷
3.10. Assume H = CG(i), m2(G)= 1, and i /∈Z(G). Then either
(1) G is a Frobenius group with Kernel Op(G) and complement H , or
(2) G=O(G)〈i〉, where O(G) is abelian and is inverted by i .
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Proof. As m2(G) = 1, G = O(G)H by Thompson transfer or the Brauer–
Suzuki Theorem. By 3.2, F(G)O(G). As m2(G)= 1 and i /∈ Z(G), F(G)=
F ∗(G) O(G). Let F(G)= P ×Q, where P =Op(G). By 3.2, i inverts P if
P = 1. So P is abelian.
Suppose Q = 1. We will first show that conclusion (2) of the lemma holds.
Let X be a minimal normal subgroup of G in Q. Then X is an r-group for some
prime r different from p, and X  Z(F(G)). If CX(i) = 1, then consider the
subgroup L= F(G)〈i〉. By 2.1 CL(i) ∈ Γ . As X  Z(F(G)), CX(i) L. Thus
CX(i) is an odd order subgroup of CL(i) normal in L. Appealing 3.8 to L, we
see that i ∈ Z(L). Hence i ∈ CG(F(G)) = CG(F ∗(G))  Z(F(G))  O(G), a
contradiction. Therefore i inverts X.
So by 3.9, H = 〈i〉×O(H) with O(H)= CH (X). ThusO(H) is an odd order
subgroup of H normal in XH . Then by 3.8 applied to XH , we see that O(H)= 1
as [i,X] = 1. Thus G =O(G)〈i〉 by Thompson transfer and i inverts O(G), so
(2) holds.
Thus we may assume Q = 1. So P = F(G) = F ∗(G). We claim that H
is semiregular on P . Let y ∈ H be an element of prime order r such that y
centralizes a nontrivial element x ∈ P . By 3.2, r = p. Consider the subgroup
G1 = 〈i, y, x〉. Since i inverts 〈x〉 and [x, y] = 1, G1 = 〈x〉(〈i〉 × 〈y〉) and
H1 := CG1(i)= 〈i〉 × 〈y〉 ∈ Γ by 2.1. As 〈y〉 is a subgroup of odd order of H1
normal in G1, appealing 3.8 to G1, we see that i ∈ Z(G1), which contradicts to
the fact that i inverts x . This contradiction establishes our claim.
By the claim, the image of i is in the center of the quotient group G/P . Thus
conclusion (1) of the lemma holds in this case. ✷
Because of 3.1, 3.5 and 3.10, which say one of the conclusions (4), (5), (6) of
Theorem A holds when m2(G)= 1, we may assume in the rest of this section that
the following hypothesis holds.
Hypothesis Hy2. In addition to hypothesis Hy1, we assume that G is of even
order, p is odd, m2(G) > 1, and CG(j) ∈ Γ for each involution j ∈G.
3.11. If hypothesis Hy2 holds, then one of the following holds:
(1) G is a split extension of an elementary abelian 2-group N by a group X of
odd order acting semiregularly on N . Further, F(X) and X/F(X) are cyclic.
(2) G∼= L2(2a) for some a  2.
(3) G is a dihedral group.
(4) G∼= L2(t) or PGL2(t) with t odd.
Proof. Let i be an involution in G and H = CG(i). If m2(G) > 2, then by 3.6,
H is an elementary abelian Sylow 2-subgroup of G and H = CG(h) for each h ∈
H #. (The following is an argument in the proof of 3.1.) As |H |> 2, Exercise 16.6
382 C.Y. Ho / Journal of Algebra 257 (2002) 373–392
in [1] shows that either H  G or conclusion (2) of the lemma holds. Further,
in the former case, G = HX, where X is a Hall 2 ′-subgroup of G and X is
semiregular on H . Thus each Sylow subgroup of X is cyclic. So F(X) and
X/F(X) are both cyclic. Hence conclusion (1) of the lemma holds with N =H .
Thus we may assume m2(G) = 2. Then H is a dihedral group by 3.7, as is a
Sylow 2-subgroup T of G.
Assume Q :=O2(G) = 1. As T is dihedral, Q is cyclic or dihedral. Therefore
either there is an involution i with 〈i〉 characteristic in Q or Q ∼= E4. In the
first case, i ∈ Z(G). So conclusion (3) of the lemma holds by 3.7. So assume
Q∼= E4. Then CG(Q)=Q by 3.2. So Q= F ∗(G). Thus G∼=E4, A4, or S4. So
conclusion (1) or (4) holds.
Thus we may assume Q= 1. Let E be a 4-group of G and assume E is faithful
on F(G). Then by the Thompson Dihedral Lemma [5, p. 135], EF(G) contains
a subgroup X = X1 × X2 with Xk ∼= D2nk and nk > 1 odd. Let x1 be of order
n1. By 3.2, n1 is prime to p. Thus applying 3.8 to X, the involutions in X2 are in
Z(X), a contradiction.
Therefore there is an involution e ∈E centralizing F(G). Thus as O2(G)= 1,
[e,L] = 1 for some component L in G. As T is dihedral, so is the Sylow 2-
subgroup T ∩ L of L, and we may take E  L. Since CG(E) = E by 3.2,
L = F ∗(G) is simple. Let A and B be two cyclic subgroups of even order
of L such that C := A ∩ B = 1. Then V (A) = V (C) and V (B) = V (C). This
implies that the involution j in A equals to the involution in B . As CL(j) is
dihedral, 〈A,B〉 is in a cyclic subgroup of CL(j). So by the Brauer–Suzuki–Wall
Theorem [20], we obtain L ∼= L2(t). (The referee kindly points out that a proof
of the Brauer–Suzuki–Wall Theorem could also be done by the paper of Bender
[Illinois J. Math. 18 (1974), p. 229–235] for a simplified proof of part of the
theorem. Then 13.3.5 in [3] completes the proof.) As CG(j) is dihedral, G = L
or G∼= PGL2(t). (See, for example, p. 509–510 in [19].) ✷
In the rest of this section, we study the structure of the modules of the groups listed
in conclusion (4) of 3.11 and show that conclusions (7) or (8) of Theorem A holds.
The proof of Theorem A is then complete.
3.12. The following conclusions hold.
(1) If G ∼= L2(3) ∼= A4 or PGL2(3) ∼= S4 and hypothesis Hy2 holds, then V =
V (O2(G))⊕ [V,O2(G)] and [V,O2(G)] is a direct sum of 3-dimensional
FO2(G)-irreducible modules.
(2) If G is A4 and Hy1 holds with p odd, then hypothesis Hy2 is satisfied.
(3) If G is S4 and Hy1 holds with p odd, then hypothesis Hy2 holds if and
only if V (s) = V (s2) for an element s of order 4, which holds if and
only if V (G) = V (O2(G)) and [V,O2(G)] is the sum of 3-dimensional
FG-irreducibles isomorphic to the induced module (ζT )G, where ζT is the
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1-dimensional representation for a Sylow 2-subgroup T of G whose kernel is
cyclic of order 4.
Proof. Suppose G∼= L2(3) or PGL2(3). Let K =O2(G) and Q=O2(K). Then
K ∼= A4 and V = V (Q) ⊕ U , where U := [V,Q]. Further (cf. Exercise 4.1.3,





and K permutes Q# transitively. Indeed, a subgroup X of order 3 in K is
regular on Q#. Thus conclusion (2) and conclusion (1) with G∼= A4 hold. Hence
we may assume G is S4. Let S be the cyclic subgroup of T of order 4 and
Z = Z(T ). If Hy2 holds, then V (S) = V (Z). Suppose V (S) = V (Z). We claim
that V (Q)= V (G). Clearly V (G) V (Q). Let v ∈ V (Q). Then v is fixed by Z
and so by S as V (S) = V (Z). Applying this argument to the three Sylow 2-
subgroups and their central involutions (in Q), we see that v is fixed by the three
cyclic subgroups of order 4. Since these subgroups generate G, v is fixed by G.
Therefore V (Q) V (G) and then equality follows. This establishes the claim.
As Q  G, U is G-invariant. As [U,Q] = U , U(Q) = 1. In particular,
U(T ) = 1. Let j be an involution in T \Q. Then j acts on U(Z). As U(S) =
U(Z) and U(T ) = 1, j inverts U(Z). As U =⊕z∈Q# U(z) and j interchanges
the sets of fixed points of the two involutions in Q \ Z, dim(U(j)) equals to
the dimension of one of these two sets, which equals to dim(U(Z)). This proves
that V (j)= V (Z) and establishes Hy2. This proves that Hy2 holds if and only if
V (S)= V (Z), and that if V (S)= V (Z) then V (Q)= V (G). Thus V (Z)= V (S)
if and only if U(S)=U(Z). Finally U(S)=U(Z) if and only if 〈uG〉 ∼= ζT G for
each u ∈ U(Z)#. So conclusion (3) of the lemma holds. ✷
3.13. Assume Hy2 and G ∼= L2(t) and 5 < t ≡ 1 mod4 or PGL2(t) with t > 3
odd. Then t is a power of p.
Proof. Deny this. Let t be a power of a prime r and B a Borel subgroup of G.
Then B = XY where X ∈ Sylr (G). Then X is elementary abelian and is normal
in B . Also Y is cyclic of order t − 1 or t−12 with Y semiregular on X. Further, by
our hypothesis, |Y | is even. So there is an involution i ∈ Y . Therefore applying
3.9 to B in the role of G, we see that Y = 〈i〉, a contradiction. ✷
3.14. Assume G ∼= L2(t) with t odd, and W is an FG-submodule of V . Then
hypothesis Hy2 is satisfied by G,W and G,V/W .
Proof. Let V ∗ = V/W , i an involution in G and H = CG(i). From 3.2 and
coprime action, V ∗(h)= V (h)∗ for each h ∈H . Let U = V ∗ or W . As G has one
class of involutions, dim(U(i))= dim(U(j)) for all involution j in G. Finally, if
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h ∈ H # is not an involution, then h, i ∈ 〈k〉 the cyclic subgroup of H of index 2
containing i . V (i)= V (k)= V (h) by 2.3. Hence U(i)=U(h). ✷
3.15. Assume G ∼= L2(t) with t odd and t > 5 and hypothesis Hy2 is satisfied.
Then the following conclusions hold:
(1) V = V (G)⊕U , where U = [V,G].
(2) Let K  G with K ∼= A4. Then U is the direct sum of b copies of
the 3-dimensional FK-module described in 3.12. In particular, V (G) =
V (O2(K)).
(3) For each involution i ∈G, dim(U(i))= b, and dim(U)= 3b.
(4) Either t is a power of p or p = 7.
(5) If G is irreducible on V and F is a splitting field for G, then dim(V )= 3.
Proof. Let K  G with K ∼= A4. Set Q = O2(K). By 3.12, V = V (Q) ⊕ U
with U = [V,Q] the sum of b 3-dimensional FK-modules described in 3.12. In
particular, dim(U(i))= b for i ∈Q. Let H0 be the cyclic subgroup of index 2 in
H = CG(i) containing i . By 3.5, V (H0)= V (i), so H0 acts trivially on V (Q) as
V (Q) V (i). By 3.5 again, [V,H0] = [V, i] U . So G0 = 〈H0,K〉 acts on U .
As t > 5 either G0 =G or t = 7 or 9 and G0 ∼= S4. In the first case G= [G,Q]
centralizes V (Q). So conclusions (1), (2) and (3) of the lemma hold. In the second
case, let R be the second 4-subgroup in H ∼= D8. Then by 3.12 V (Q) = V (R)
and [V,Q] = [V,R]. So G = 〈G0,NG(R)〉 acts on V (Q) and [V,Q]. So again
conclusions (1), (2), and (3) of the lemma hold.
It remains to establish the last two conclusions. Appealing to 3.14 and
replacing V by an irreducible FG-module of V , we may assume that G is
irreducible on V . Replacing F by a splitting field for G, we may assume that F
is a splitting field. Note that [V,G] = V as V is irreducible.
Next let y be an element of G of order r dividing (t − 1)/2 inverted by i , Y a
Cartan subgroup of G containing y , and X a Y -invariant subgroup of order t .
We claim that V (y) is of dimension b and is inverted by i . As iy is an
involution, dim([V, i])= dim([V, iy])= 2b. So as dim(V ) = 3b, W := [V, i] ∩
[V, iy] is of dimension at least b, inverted by i and centralized by y . Thus
if dim(V (y)) = b, then W = V (y) and the claim holds. If not, then for j an
involution in G but not in NG(Y ), W ∩ [V, j ] = 0. So M = 〈j, y〉 fixes a point
of V . However, M contains a subgroup isomorphic to A4. So by conclusion (2),
M does not fixes any point of V , a contradiction. This contradiction establishes
the claim.
By the claim and 2.3, V (y) = V (y ′) for each y ′ ∈ Y # when |Y | is even.
Assume t is not a power of p. If |Y | = t−12 is even, then applying 3.9 to XY(Y in the role of H and t in the role of |X|), we see that |Y | = 2 (odd), and
O(Y )= CY (X). This forces t−12 = 2 and t = 5, a contradiction. Therefore |Y | is
odd. Note that Y is transitive both on the set of 1-dimensional subspaces of X and
C.Y. Ho / Journal of Algebra 257 (2002) 373–392 385
on the set of hyperplanes of X. We now repeat an argument in the proof of 3.9 to
claim that dim([V,X])= |Y |dim(C[V,X]Y ) as follows.





Since Y acts transitively on Z , Y is free on [V,X] and dim([V,X]) =
|Y |(C[V,X]Y ).





where Λ is the set of nontrivial eigenvalues of a generator x of X, and Vλ is the
eigenspace of λ. Then Λ is the union of regular orbits of Y . A moment of thought
shows that the claim holds in this case also.
If XY centralizes some non-zero vector in V , then V is the core of the
permutation module for G on the space of cosets G/XY of dimension t . But then
dim(V ) = t and dim(V (i))= (t − 1)/2, contradicting conclusion (3), which we
proved. This implies that V = [V,X]. So by the claim, dim(V )= |Y |dim(V (y)).
Hence as dim(V (y)) = b and dim(V ) = 3b, we obtain |Y | = 3. As |Y | = (t −
1)/2, this implies t = 7. Now as dim(V )= 3b and dim(V (i))= b, by inspection
of the character table and 3-modular character table of L2(7), dim(V )= 3. So the
lemma holds in this case.
Thus we may assume that t is a power of p. Hence by the Steinberg Tensor
Product Theorem (p. 224 in [22]),
V = V1σ1 ⊗ · · · ⊗ Vnσn,
where σ1, . . . , σn are distinct members of Aut(F ) and V1, . . . , Vn are basic
modules. Let C be the class of FG-modules Z such that either dim(Z)= 2m+ 1
is odd and dim(CZ(i))=m or m+ 1, or dim(Z)= 2m and dim(CZ(i))=m. If
Z,Z′ are FG-modules of dimensions z, z′ with the dimension of the centralizer
of i equal to c, c′, then dim(Z ⊗ Z′)= zz′ and the centralizer of i on Z ⊗ Z′ is
of dimension cc′ + (z− c)(z′ − c′). Thus C is closed under tensor products. We
claim that V ∈ C .
If dim(Vk)= 2m+ 1, then Vk ∈ C by the following argument. If t ≡ 1 mod4,
then this holds as i is in a Cartan subgroup of G and exactly m or m+ 1 of the
weights of Vk are divisible by 4. If t ≡ −1 mod4, then extend F to a quadratic
extension E and regard G as a subgroup of L2(t2) acting on VE :=E ⊗F Vk . By
the previous case, dim(CVk )= dim(CVE (i))=m or m+ 1.
On the other hand, if dim(Vk)= 2m, then SL(2, t) is faithful on Vk and i has
eigenvalues ±√−1 of dimension m. Thus the number of Vk of even dimension is
even as the central involution of SL(2, t) acts trivially on V . As the tensor product
of two such modules is in C , it follows V ∈ C as claimed.
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If dim(V ) is even, then V ∈ C implies that dim(V ) = 2 dim(V (i)), which
contradicts dim(V ) = 3b and dim(V (i)) = b. So V must have odd dimension
2m + 1. Thus 2m + 1 = 3b. If b = dim(V (i)) = m + 1, then m = −2, a
contradiction. As V ∈ C , dim(V (i)) = m. Since b = dim(V (i)), this implies
b= 1. The proof of the lemma is complete. ✷
3.16. If G∼= L2(7) and F is a splitting field for G of characteristic prime to 14,
then hypothesis Hy2 is satisfied if and only if V = V (G)⊕ [V,G] and [V,G] is
the sum of 3-dimensional irreducibles for G.
Proof. If V is a nontrivial irreducible for G, then dim(V ) = 3 by 3.15.
Conversely such an irreducible module satisfies Hy2 when restricted to an S4-
subgroup S of G, and hence also satisfies Hy2 for G, as CG(i)  S for any
involution i ∈ O2(S). Finally, if V satisfies Hy2, then by 3.15, V = V (G) ⊕
[V,G] and V is a semisimple FS-module. Then if W is an irreducible FG-
module of [V,G], W satisfied Hy2 by 3.14. So dim(W) = 3. Also V is a
semisimple FS-module by 3.15. As S contains a Sylow 3-subgroup of G, V is a
semisimple FG-module. The proof of the lemma is complete. ✷
4. Eigenspaces of a linear collineation
We now consider collineations in the translation complement of a translation
plane, which is identified with a vector space V of dimension 2d over a field F
together with a spread S . An element in the spread is called a fiber.
For a subset W of V , we define S(W) := {X ∈ S: |X ∩ W | > 1}, and
SW := {X ∩W : X ∈ S(W)}.
We now look at a collineation which is a linear transformation. We call
such collineation a linear collineation. This is the case if F is either the prime
field or F is the kernel of the translation plane and the collineation is in the
linear complement. The set of fixed points of a collineation carries tremendous
information. We now generalize some of the results concerning the set of fixed
points to the eigenspaces.
4.1. Proposition. Suppose W is an eigenspace of a linear collineation τ . Then
any fiber intersecting W non-trivially is τ invariant. An eigenspace is either a
subplane or is contained in a fiber.
Proof. Let the eigenvalue corresponding to W be λ. We now prove that any
fiber, which intersects W non-trivially, is τ invariant. Let C = X ∩ W , where
X ∈ S(W). Let w be a non-zero vector in C. Then τ (w) = λw, which is in the
one-dimensional subspace 〈w〉 generated byw. SinceC is a subspace, this implies
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that 〈w〉 is contained in C. In particular, X contains τ (w). Therefore X (so is C)
is invariant under the action of τ as τ permutes S .
Since W is a subspace, SW forms a partition of W . Assume now W is not
contained in any fiber of V . Thus in order to prove that W is a subplane, it
suffices to show that W = A⊕B for any two different elements A,B ∈ SW . Let
A= Y ∩W and B =Z ∩W for two different elements Y,Z of S(W). Then Y,Z
are τ invariant as we proved. Let 0 =w ∈W . Then w = y+ z for some y ∈ Y and
z ∈ Z. Thus yτ + zτ =wτ = λw = λy + λz. So yτ − λy = λz− zτ . Since yτ ∈ Y
and zτ ∈ Z, this implies that the element represented by the last equation is in
Y ∩ Z = 0. Therefore yτ = λy and zτ = λz. Hence y ∈W . So y ∈W ∩ Y = A.
Similarly z ∈ B . This proves W =A⊕B as desired. ✷
4.2. Theorem. Suppose τ is a linear collineation. Assume V = U +W , where
U,W are eigenspaces of τ with different eigenvalues. Then either U,W both are
fibers, or they are both Baer subplanes and S(W)= S(U).
Proof. Since V is the direct sum of two eigenspaces, the order of τ is prime to
char(F ). Without loss of generality, we may assume that the dimension of U is
smaller than or equal to the dimension of W . Let the eigenvalue corresponding
to W be λ.
Case 1. U is contained in a fiber X.
In this case we will prove that both U and W are fibers. By 4.1, X is τ -
invariant. Thus by Maschke’s theorem, V = X ⊕ Y as τ -modules. Since U  X
and V =U+W , this implies that τ induces λ on Y . In particular, Y W . Let y be
a non-zero vector in Y . Then the unique fiber Z containing the one-dimensional
subspace generated by y is invariant under τ by 4.1. Since y /∈X, Z =X. Hence
V =X⊕Z as τ -modules. This implies Z W .
Next we will show U = X. Suppose U < X. Then X = U ⊕U ′, where U ′ is
a τ -module by Maschke’s theorem. This implies U ′ W . Indeed, U ′ =W ∩X.
We now show W = Z. Suppose Z < W . Then W cannot be the union of the
two proper subgroups Z and U ′. Let w be an element of W not in Z ∪ U ′.
Then the unique fiber T containing w is τ -invariant by 4.1. Since w /∈ U ′
and X ∩ W = U ′, thus w /∈ X. Hence T = X. So V = X ⊕ T as a subspace
decomposition. However, this is also a τ -module decomposition as both X and T
are τ -invariant. This implies T  W . On the other hand, w /∈ Z. So T = Z.
Therefore V = T ⊕Z. But both T and Z are subspaces in W . This forces V W ,
which is a contradiction. This contradiction proves that W =Z as claimed. Hence
U ′ =W ∩X = Z ∩X = 0. However, this contradicts U < X. Our claim U = X
is now established.
As the dimension of U is not bigger than the dimension of W , the fact that
U = X has dimension equal to 12 dimV shows that W has the same dimension
of X. So W =Z. Therefore both U and W are fibers in Case 1 as desired.
Case 2. U is not contained in any fiber.
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In this case we will prove thatU andW are Baer subplanes and S(U)= S(W).
By 4.1, U is a subplane. Let X ∈ S(U). By 4.1, X is τ -invariant. Since U is not
contained in X, a dimensional argument shows that U ∩X <X. Since τ has order
prime to char(F ), this implies that X = (U ∩X) ⊕X′ where X′ = X ∩W = 0.
This proves that each fiber in S(U) intersects W non-trivially. In particular, W
cannot be contained in a fiber. (Otherwise this fiber will intersect each fiber in
S(U) non-trivially, which is not the case.) So W is a subplane by 4.1. As a
subplane has an order at most the order of a Baer subplane, which has half the
dimension of V , an easy dimensional argument shows that both U and W are
Baer subplanes. Each fiber intersects U non-trivially if and only if it intersects W
non-trivially. Hence S(U)= S(W). The proof of 4.2 is now complete. ✷
5. Planes of odd order
In this section, let V be a translation plane of odd order n = qd , which is
identified as a vector space over a field F of characteristic p with a spread S as
in Section 4. Then dim(V )= 2d . We use the notations in Section 4.
The first conclusion of the following lemma is Lemma 1.(b) in [15]. A minor
oversight seems to occur at the last two lines in the second paragraph of the proof
in [15]. We present a proof, which uses the original proof as much as possible.
5.1. If σ1 and σ2 are two distinct involutions in an elementary abelian group S of
order 4 such that each involution is Baer. Then the following conclusions hold.
(1) V (S) = V (σ1) ∩ V (σ2) is a Baer subplane of V (σ1), and n =m4, where m
is the order of the subplane V (S).
(2) The subspaces V (S), [V (σ1), σ2] = C[V,σ2](σ1), [V (σ2), σ1], [V (σ1σ2), σ1]
are subplanes of order m, and S(V (S)) = (X) for any subplane SX from
these four subplanes.
(3) m≡ 1 mod4.
Proof. As [σ1, σ2] = 1 and n is odd, σ1 induces a nontrivial collineation on the
Baer subplane V (σ2). If σ1 inverts V (σ2), then σ1σ2 will be the central homology,
(i.e., −I on V ), a contradiction. If σ1 induces a Baer involution on V (σ2), then
the lemma holds. Therefore we may assume that σ1 induces an affine homology
on V (σ2). ThereforeW := V (σ1)∩V (σ2) is the axis of σ1 on V (σ2). Hence W is
contained in a fiber X. Thus X is S-invariant. Since n is odd,X =W ⊕W1, where
W1 is S-invariant. As σ1 is Baer, V (σ1) ∩ X = W . Similarly V (σ2) ∩ X =W .
This implies both σ1 and σ2 invertW1. Then σ1σ2 centralizes X as σ1, σ2 both act
trivially on W . Therefore σ1σ2 is a perspectivity with axis X. This contradiction
establishes conclusion (1).
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Applying 4.2 to V (σ1)= V (S)+[V (σ1), σ2], we see that V (S) and [V (σ1), σ2]
are Baer subplanes of V (σ1) and S(V (S)) = S([V (σ1), σ2]). The other conclu-
sions in (2) follow from similar arguments.
The following counting argument will prove (3). Let X be a fiber in S(V (S)).
There are m + 1 points of V (S) on X. (This includes the intersection point
of X with the line of infinity.) There are m2 −m points of V (σ1) on X outside
V (S) ∩ X. Thus the number of points of X outside ⋃σ∈S# V (σ) is m4 + 1 −
3(m2 −m)− (m+ 1)=m4 − 3m2 + 2m. Now S acts fixed-point-freely on these
points and m2 ≡ 1 mod 4 as m is odd. So 0 ≡m4−3m2+2m≡ 1−3+2mmod4.
Hence m≡ 1 mod4 as desired. ✷
5.2. Suppose V is a translation plane of odd order n= qd , which is identified as
a vector space over a field F of characteristic p. Let G be a collineation group
in the linear complement, and G ∼= A4 or G ∼= S4 with V (s) = V (s2) for an
element s of order 4. Let Q :=O2(G). Then the following conclusions hold.
(1) V = V (Q)⊕[V,Q], where U := [V,Q] is a direct sum of 3-dimensionalQ-
irreducible modules. Involutions in Q are Baer. The subspaces V (Q), U(σ)
for σ ∈Q# are subplanes of order n 14 such that S(V (Q))= S(U(σ)).
(2) If G ∼= S4, then V (Q) = V (G), every element in G# is Baer, p = 3, and
[V,G] is the direct sum of the irreducible modules described in 3.12. For g ∈
G#, U(g) is a subplane with same order as V (Q) and S(U(g))= S(V (Q)).
Proof. The structure of the module has been determined by 3.12. Let Q :=
O2(G).
We claim that the involutions in Q are Baer involutions. Deny this. Then Q
consists of 3 commuting homologies. Since n is odd, this implies that Q contains
the central homology, which will be in the center of G, a contradiction. This
contradiction proves that involutions in G are Baer involutions as claimed. Thus
the lemma holds for G∼=A4 by 5.1.




. So dim(V )= 4e for some e, and dim(V (Q))= e. Let U := [V,Q]. For any




)= dimV (i)− dimV (Q)= 2e− e= e.
Next consider the Baer subplane V (i). Let j be an involution in Q different
from i . So Q = 〈i, j 〉 and [i, j ] = 1. As n is odd, V (i) is the direct sum
of V (i) ∩ V (j) = V (Q) and [V (i), j ]. By 3.12, [V (i), j ] = U(i). These two
subspaces V (Q) and U(i) are the eigenspaces of j on V (i) for the eigenvalues
1 and −1, respectively. Applying 4.2 to V (i) and j in the roles of V and τ , we
see that U(i) is a Baer subplane of V (i), which shares the same set of fibers as
V (Q). This shows that S(U(σ))= S(V (Q)) for any involution in σ ∈Q.
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Let X ∈ S(V (Q)) and y an element of order 3 in G. As V (Q)= V (G), y acts




Hence y centralizes a subspace in U ∩ X of dimension dim(X ∩ U(i)) for
an involution i ∈ Q. Hence U(y) is a subplane with S(U(y))  S(V (Q)).
As V (y) = V (Q) ⊕ U(y) and dim(U(y)) = e = 13 dim(U), so V (y) is a Baer
subplane. This proves that U(y) is a Baer subplane of V (y) and S(U(y)) =
S(V (Q)).
Finally let α be an involution in G \Q. By 3.12, V (α)  V (Q). Hence α is
planar. So it is Baer. Let β be the involution in CQ(α). Then V (Q) and U(α)
are the eigenspaces of β on V (α) for the eigenvalues 1 and −1, respectively.
Therefore S(V (Q))= S(U(α)) by 4.2.
If p = 3, then an element y of order 3 in G is Baer, so y has minimal
polynomial (X − 1)2 by [10]. Thus there is a conjugate x of y such that the
subgroup generated by x, y is isomorphic to SL(2,3). However no subgroup
of S4 is isomorphic to SL(2,3). This contradiction completes the proof of the
lemma. ✷
5.3. Assume G ∼= L2(t) with t odd and t > 5 is a collineation group of a
translation plane V of odd order, then t = 7 and p = 3,7. Further n =m4 with
m≡ 1 mod4, and m3 ≡ 1 mod7.
Proof. Being a non-Abelian simple group,G is in the linear complement. Since n
is odd, involutions in the simple group G are Baer by [12]. By 3.15, V =
V (G) ⊕ U , where U = [V,G]. Further V (G) = V (O2(K)), U = [V,O2(K)],
where K G with K ∼=A4, and either t = 7 or t is a power of p.
Suppose t is a power of p. Let x be an element of order p in G. Then U(x) > 0




V (G)= V (O2(K)) and V (x) V (G), x is planar. As V (x)= V (G)⊕U(x) and
U(x) > 0, V (x) > V (G). Thus the order of V (x) is at least the square of the order
of V (G), and at most the
√
n. Since V (G) has order n
1
4 , this implies that V (x) is
a Baer subplane of V . So x is a Baer p-element. By [10], the minimal polynomial
of x on V is (X− 1)2. Then a conjugate of x in G together with x will generate a
subgroup isomorphic to SL(2,p) (cf. [11]). However, no subgroup of L2(t) with t
a power of odd p, will isomorphic to SL(2,p). This proves that t = p. Therefore
t = 7 by 3.15, and p = 3 by 5.2. By 5.1, n = m4 and m ≡ 1 mod4. Let X be a
fiber in S(V (G)). There are m4 −m points on X outside V (G) and an element
of order 7 in G acts fixed-point-freely on these points. As (p,7)= 1, this implies
that m3 ≡ 1 mod7 as desired. ✷
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6. Proofs of Theorem B and Theorem C
We now apply Theorem A to prove Theorems B and C.
An involution has two possibilities as a collineation of a finite translation plane
of order n= qd . It is either a perspectivity or a Baer element. The dimension of
the set of fixed points is half the dimension of the underlying vector space V ,
except in the case in which it is the central homology, i.e., −I on the vector space
and n is odd.
The condition (on the linear group) that the dimension of the eigenspace
corresponding to the eigenvalue 1 is a constant on the set of non-identity elements
of a centralizer of an involution becomes the following. If the involution is the
central homology, then n is odd and each non-identity in its centralizer acts fixed-
point-freely on V . In this case G is a Frobenius compliment with m2(G)= 1. If
the involution is an affine perspectivity, then each non-identity element is either
an affine perspectivity or a Baer element.
We now prove Theorem B. In the rest of this proof, simple means non-Abelian
simple. Being simple, G is in the linear complement of the collineation group. As
a simple group, G does not contain any central homology. Thus perspectivities
in G are affine perspectivities. If char(F ) is odd, then involutions in G are Baer
by [12]. If char(F )= 2, then an involution is either a Baer involution or an elation
with its axis a line incident with the zero vector. Thus in both cases the dimension
of the fixed point space of an involution in G equals to half the dimension of the
underlying vector space. Therefore the hypothesis of Theorem B implies that the
dimension of fixed point space of each non-identity element of the centralizer of
an involution is a constant, namely, half the dimension of the underlying vector
space. Theorem B follows from Theorem A and 5.3. Theorem C now follows
from Theorems A and B.
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